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a b s t r a c t
Let R =⊕n≥0 Rn be a homogeneous Noetherian ring, letM be a finitely generated graded
R-module and let R+ =⊕n>0 Rn. Let b := b0+ R+, where b0 is an ideal of R0. In this paper,
we first study the finiteness and vanishing of the n-th graded componentH ib(M)n of the i-th
local cohomology module ofM with respect to b. Then, among other things, we show that
the set AssR0 (H
i
b(M)n) becomes ultimately constant, as n→−∞, in the following cases:
(i) dim( R0
b0
) ≤ 1 and (R0,m0) is a local ring;
(ii) dim(R0) ≤ 1 and R0 is either a finite integral extension of a domain or essentially of
finite type over a field;
(iii) i ≤ gb(M), where gb(M) denotes the cohomological finite length dimension ofM with
respect to b.
Also, we establish some results about the Artinian property of certain submodules and
quotient modules of H ib(M).
© 2008 Elsevier B.V. All rights reserved.
0. Introduction
Throughout the paper, R =⊕n≥0 Rn is a graded Noetherian ringwhere the base ring R0 is a commutative Noetherian ring
and R is generated, as an R0-algebra, by finitely many elements of R1. Also, throughout, we set R+ =⊕n>0 Rn, the irrelevant
ideal of R, and we assume that b := b0+ R+, where b0 denotes an ideal of R0. It is well known (cf. [10, Section 12]) that, for a
graded R-module N and for each i ≥ 0, the i-th local cohomologymodule H ib(N) of N with respect to b has a natural grading.
For each n ∈ Z (where Z denotes the set of integers), we use the notation H ib(N)n to denote the n-th graded component
of H ib(N). Henceforth, in this paper,M will denote a non-zero, finitely generated, graded R-module. Then, according to [10,
Theorem 15.1.5], H iR+(M)n is a finitely generated R0-module for all n ∈ Z and it vanishes for all n  0. In the first section
of the present paper, as an improvement of the above result, we show that H ib(M)n is finitely generated in certain cases and
vanishes for all n  0. (The reader is referred to [11,14,17] for more vanishing results.) As a consequence, for sufficiently
large values of n, we prove that Db(M)n, the n-th graded component of the ideal transform of M with respect to b (cf. [10,
Definition 2.2.1]), is independent of the choice of b0.
The question
Does the set AssR0(H
i
b(M)n) ultimately become constant, as n→−∞?
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plays a crucial role in the study of the asymptotic behavior of H ib(M)n for n  0. An affirmative answer to this question
ensures gap freeness of H ib(M)n, when n → −∞ and, also, yields the finiteness of the set AssR(H ib(M)), in the case where
b = R+. This question was answered affirmatively when b = R+ in some cases, as follows:
(i) dim(R0) ≤ 1 and R0 is either semilocal or a finite integral extension of a domain or essentially of finite type over a field
[4, 3.10],
(ii) dim(R0) ≤ 2 and R0 is essentially of finite type over a field [3, 4.2],
(iii) (R0,m0) is local and i = g(M), where g(M) := sup{i : ∀j < i, lR0(H jR+(M)n) <∞∀n 0} [9, 4.10].
However, the answer to the above question is not positive in general. For example, it was shown in [7] that if p is a prime
number, R0 = Z[X, Y , Z](p,X,Y ,Z), m0 = (p, X, Y , Z), p0 = (X, Y , Z) and R = R0[U,V ,W ](UX+VY+WZ) , which is graded in the usual way,
then for all n ≤ −3 we have
AssR0(H
3
R+(R)n) =
{p0,m0}, if p|
−n−3∏
i=1
(−n− 2
i
)
;
{p0}, otherwise.
So, the sets {n ∈ Z : AssR0(H3R+(R)n) = {p0,m0}} and {n ∈ Z : AssR0(H3R+(R)n) = {p0}} are both infinite and therefore
AssR0(H
3
R+(M)n) is not stable.
In Sections 2 and 3 we provide improvements to some of the above results. More precisely, we prove that the set
AssR0(H
i
b(M)n) becomes ultimately constant, as n → −∞, in the following cases: (i) (R0,m0) is local and dim( R0b0 ) ≤ 1
(Theorem 2.2), (ii) dim(R0) ≤ 1 and R0 is either a finite integral extension of a domain or essentially of finite type over a
field (Corollary 2.4), (iii) i ≤ gb(M), where gb(M) denotes the cohomological finite length dimension ofM with respect to b
(Theorem 3.6). Also, at the end of Section 2, we study the Artinian property of certain submodules and quotient modules of
H ib(M).
1. Some results on the graded components of H ib(M)
Throughout we will use N0 (respectively N) to denote the set of non-negative (respectively positive) integers. The
following proposition, whose proof is a slight modification of that of [10, 15.1.5], indicates a vanishing property on the
graded components of H ib(M).
Proposition 1.1. For all i ∈ N0, H ib(M)n = 0 for all n 0.
Remark 1.2. A graded R-module N is called *minimax if there exists a graded Artinian submodule N ′ of N such that NN ′ is
a finitely generated R-module. Note that any Notherian or Artinian graded R-module is *minimax. It is easy to see that 1.1
holds for any *minimax R-module.
Next, we provide examples to show that (i) if N is not *minimax, it might happen that H ib(N)n 6= 0 for all n 0 and that (ii)
the finiteness property of H ib(M)n is no longer true.
Example 1.3. (i) Let d > 0 and (R0,m0) be a d-dimensional local ring. We know that Hdm0(R0) is not finitely generated.
Now put N = ⊕n∈Z Nn, where Nn = RR+ ∼= R0 for all n ∈ Z. Then N has a natural graded R-module structure such that
ΓR+(N) = N and that N is not *minimax. Now, in view of [10, Lemma 13.1.10], we have
Hdm0+R+(N)n = Hdm0R(N)n = Hdm0(R0)
for all n ∈ Z. Therefore Hdm0+R+(N)n is not finitely generated; and hence nonzero.
(ii) Let the situation be as in (i) andM =⊕n∈ZMn, whereM0 = RR+ ∼= R0 andMn = 0 for all n 6= 0. ThenM has a natural
finitely generated graded R-module structure such that ΓR+(M) = M . Therefore for all n ∈ Zwe have
Hdm0+R+(M)n = Hdm0R(M)n =
{
Hdm0(R0), if n = 0;
0, otherwise.
We now consider the ideal transform Db(M) = lim−→n HomR(bn,M) of M with respect to b; this is naturally graded and we
use Db(M)n to denote the n-th graded component of Db(M). The next corollary shows that, for sufficiently large values of n,
Db(M)n is independent of the choice of b0.
Corollary 1.4. (i) for all t  0,⊕n≥t Db(M)n is a finitely generated R-module.
(ii) Let b
′
0 be a second ideal of R0 and let b
′ := b′0 + R+. Then, Db(M)n ∼= Db′(M)n for all n 0.
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Proof. The result can be achieved by using 1.1 and the graded exact sequence
0 −→ Γb(M) −→ M −→ Db(M) −→ H1b (M) −→ 0. 
Remark 1.5. In the rest of this section we shall use the notion of a homogeneous filter regular sequence. Following [13, 2.2],
a sequence x1, . . . , xt of homogeneous elements of R+ is said to be a homogeneous b-filter regular sequence onM if one of
the following equivalent conditions hold.
(i) For all i = 1, . . . , t , xi 6∈ p for all p ∈ AssR( M(x1,...,xi−1)M ) \ V (b), where V (b) is the set of prime ideals of R containing b.
(ii) x1, . . . , xt is a poorMp-sequence for all p ∈ SuppR(M) \ V (b).
Note that, every homogeneous b-filter regular sequence on M is also a homogeneous R+-filter regular sequence on M .
It is easy to see that if SuppR(
M
R+M ) 6⊆ V (b), then all maximal homogeneous b-filter regular sequences on M have the
same length. We denote, in this case, the common length of all maximal homogeneous b-filter regular sequences on M
by f -grade(b, R+,M). Also, we set f -grade(b, R+,M) = ∞ whenever SuppR( MR+M ) ⊆ V (b). Now, suppose that x1, . . . , xt is
a homogeneous b-filter regular sequence on M . Then, by [1, Proposition 2.3] or [13, Theorem 3.4], there are homogeneous
isomorphisms H ib(M) ∼= H i(x1,...,xt )(M) for all i = 1, . . . , t − 1, and H ib(M) ∼= H i−tb (H t(x1,...,xt )(M)) for all i ≥ t . We shall use
this result later.
For the next theorem it will be convenient to have available the concepts of the end and beginning (beg(N)) of a graded
R-module N =⊕n∈Z Nn, which are defined by
end(N) := sup{n ∈ Z : Nn 6= 0} and beg(N) := inf{n ∈ Z : Nn 6= 0}.
(Note that end(N) could be∞ and that the supremum of the empty set of integers is to be taken as−∞; similar comments
apply to beg(N).) In particular, for i ∈ N0, we denote end(H ib(M)) by aib(M). Also, we define the a∗b-invariant ofM , denoted
a∗b(M), to be sup{aib(M) : i ∈ N0}. In the next theorem it will be shown that a∗b(M) = a∗R+(M). This result was obtained by
Sharp [14, Corollary 3.1], using the notion of Bass numbers in the graded case, and Hyry [11, Lemma 2.3], using local duality
and a spectral sequence argument. Trung [17] established the result in the case where (R0,m0) is local and b0 = m0. But,
with the aid of the previous proposition, one can modify the arguments to obtain the result for arbitrary choice of b0. It is
done here for the reader’s convenience.
Theorem 1.6. Let (R0,m0) be local. Then a∗b(M) = a∗R+(M).
Proof. First of all, we consider the case whereMn = 0 for all n 0. Then it is clear that a∗R+(M) = a0R+(M) = end(M). We
now use induction on r(M) := end(M) − beg(M) to show that a∗b(M) = end(M). If r(M) = 0, then M is concentrated in
degree end(M) and Hgrad(b,M)b (M) 6= 0. Therefore a∗b(M) = end(M). Now assume that r(M) > 0. Put end(M) = e. Then we
can use the exact sequence 0 −→ Me −→ M −→ MMe −→ 0 to complete the inductive step.
Next, before we prove the theorem, we show that one can make an additional assumption that the irrelevant ideal of R
can be generated by a homogeneous R+-filter regular sequence on M of degree one. To this end, let y be an indeterminate
and let R
′
0 = R0[y]m0[y], R′ = R ′0 ⊗R0 R andM ′ = R ′0 ⊗R0 M . Then, the natural homomorphism R0 −→ R ′0 is faithful flat and,
by [10, Remark 15.2.2(iv)],
H ib(M)n⊗R0 R
′
0
∼= H ibR′(M ′)n
for all i ∈ N0 and all n ∈ Z. It therefore follows that a∗b(M) = a∗bR′(M ′). Thus, we may replace R and M by R′ and
M ′, respectively; and henceforth assume that R0
m0
is infinite. Now, it is straightforward to see that there exists a sequence
x1, . . . , xs of elements of R1 which forms an R+-filter regular sequence onM and R+ =∑si=1 Rxi.
Now, we prove the theorem by induction on s. The case where s = 0 was proved above. So let s > o and assume that the
result has been proved for smaller values of s. Put x = x1. We first show that
a∗b(M) = max
{
a∗b
(
M
xM
)
− 1, a∗b((0 :M x))
}
.
For simplicity we set a = a∗b((0 :M x)) and b = a∗b( MxM ) − 1. Since H ib((0 :M x))n = 0 for all n > a and all i ≥ 0, application
of local cohomology with respect to b to the graded exact sequence 0 −→ (0 :M x) −→ M −→ M(0 :M x) −→ 0 shows that
H ib(M)n ∼= H ib( M(0 :M x) )n for all n > a and all i ≥ 0. Hence, the graded exact sequence 0 −→ M(0 :M x) (−1)
.x−→ M −→ MxM −→
0 induces an exact sequence
H i−1b (M)n+1 −→ H i−1b
(
M
xM
)
n+1
−→ H ib(M)n −→ H ib(M)n+1 (∗)
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for all n > a. Since H i−1b (
M
xM )n+1 = 0 for all n > b, we can deduce from (∗), in view of 1.1, that H ib(M)n = 0 for all
n > max{a, b}. Therefore a∗b(M) ≤ max{a, b}. To prove the reverse side, we consider two cases, according as a ≤ b or a > b.
If a ≤ b, then H ib(M)b+1 = 0 for all i ≥ 0. Hence, using (∗), we have H i−1b ( MxM )b+1 ∼= H ib(M)b for all i ≥ 0. Therefore, for
some i, H ib(M)b 6= 0; so that a∗b(M) ≥ b = max{a, b}.
Next, let a > b and assume on the contrary that a∗b(M) < max{a, b} = a. Then H ib(M)n = 0 for all n ≥ a and all i ≥ 0.
Now, it is straight forward to see that
H i−1b
(
M
xM
)
a+1
∼= H ib
(
M
(0 :M x)
)
a
∼= H i+1b ((0 :M x))a
for all i ≥ 1. Hence, there exists i such that H i−1b ( MxM )a+1 6= 0. Therefore b+ 1 ≥ a+ 1, which is a contradiction. So we have
a∗b(M) = max{a∗b( MxM )− 1, a∗b((0 :M x))}.
Next, we can use the same argument as in the beginning of the proof to see that a∗b((0 :M x)) = end((0 :M x)). Also, it is
straightforward to check that end((0 :M x)) = a0R+(M). Therefore a∗b(M) = max{a∗b( MxM )−1, a0R+(M)}. In particular, we have
a∗R+(M) = max{a∗R+( MxM )− 1, a0R+(M)}. Since, by the inductive hypothesis,
a∗R+
(
M
xM
)
= a∗( R
xR
)
+
(
M
xM
)
= a∗
( bxR )
(
M
xM
)
= a∗b
(
M
xM
)
,
it therefore follows that a∗R+(M) = a∗b(M), as required. 
Aswe have seen in 1.3, it is no longer true that the components ofH ib(M) are finitely generated. However, it is true for certain
integers i, as illustrated by the following proposition.
Proposition 1.7. Let t ≤ f− grade(b, R+,M). Then H tb(M)n is a finitely generated R0-module for all n ∈ Z.
Proof. Let x1, . . . , xt be a homogeneous b-filter regular sequence onM (in R+). By 1.5, for all n ∈ Z,
H tb(M)n ∼= H0b (H t(x1,..,xt )(M))n ⊆ H0R+(H t(x1,..,xt )(M))n ∼= H tR+(M)n.
Now, the result follows from [10, Theorem 15.1.5]. 
2. Base rings of small dimension
In [4,5] it was shown that if dim(R0) ≤ 1 and (R0,m0) is local or R0 is essentially of finite type over a field (i.e. R0 = S−1A,
where A is a finitely generated algebra over a field and S is amultiplicatively closed subset of A), then the set AssR0(H
i
R+(M)n)
is asymptotically stable, when n → −∞ (i.e. there exists an integer n0 such that AssR0(H iR+(M)n) = AssR0(H iR+(M)n0) for
all n ≤ n0). In this section, we establish the above result in the case where R+ is replaced by b. Also, we obtain some results
which are concerned to the Artinianess of certain quotient modules and submodules of H ib(M).
The following lemma is needed in the proof of Theorem 2.2.
Lemma 2.1. Let (R0,m0) be a local ring and suppose that dim( R0b0 ) ≤ 1. Then Γm0R(H ib(M)) and H1m0R(H ib(M)) are Artinian
R-modules for all i ∈ N0.
Proof. The result is clear when dim( R0
b0
) = 0. So, we may assume that dim( R0
b0
) = 1. Then there exists x ∈ m0 which avoids
all minimal primes of b0; so that
√
b0 + xR0 = m0. Now, one can complete the proof by employing a method of proof which
is similar to that used in [5, Theorem 2.5(b)]. 
The following theorem recovers [5, Theorem 3.5(e)]
Theorem 2.2. Let (R0,m0) be a local ring and let dim( R0b0 ) = 1. Then AssR0(H ib(M)n) is asymptotically stable, when n→ −∞,
for all i ∈ N0.
Proof. Let i ∈ N0. Since, in view of 2.1, Γm0R(H ib(M)) is an Artinian R-module, it follows from [2, Remark 4.2] that either
m0 ∈ AssR0(H ib(M)n) for all n  0 or else m0 6∈ AssR0(H ib(M)n) for all n  0. Therefore, it is enough to show that
AssR0(H
i
b(M)n) \ {m0} is asymptotically stable, when n → −∞. To this end, let p0 be a minimal prime ideal of b0. Then,
in view of the graded flat base change theorem, we have
H ib(M)p0 ∼= H ibRp0 (Mp0) ∼= H
i
p0Rp0+(Rp0 )+(Mp0),
which is a graded Artinian Rp0-module. So, p0(R0)p0 ∈ Ass(R0)p0 (H ip0Rp0+(Rp0 )+(Mp0)n) for all n  0 or p0(R0)p0 6∈
Ass(R0)p0 (H
i
p0Rp0+(Rp0 )+(Mp0)n) for all n  0. Therefore, since p0 ∈ AssR0(H
i
b(M)n) if and only if p0(R0)p0 ∈
Ass(R0)p0 ((H
i
b(M)n)p0), the result follows. 
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Theorem 2.3. Let i ∈ N0 and suppose that either dim(R0) ≤ 1 or R0 is local with dim(R0) = 2. Then there exists a finite subset
X of Spec(R0) such that AssR0(H
i
b(M)) ⊆ AssR0(H iR+(M)) ∪ X.
Proof. Without loss of generality, we may assume that
√
b0 = b0 and that b0 is not contained in the nilradical of R0.
Next, since AssR0(H
i
b(M)) ⊆ V(b0), the result is clear whenever V(b0) is finite. Therefore, in addition, we may assume that
dim(R0) ≥ 1 and that ht(b0) = 0. Now, we can write b0 = p1 ∩ ...∩ pt ∩Q0, where {p1, . . . , pn} is the set of minimal prime
ideals of R0, 1 ≤ t < n andQ0 is an ideal of R0 which is zero or has the property that ht(Q0) ≥ 1. let x ∈⋂ni=t+1 pi \⋃ti=1 pi
and set,by convention, ht(R0) = ∞. Then, b0⋂ xR0 is contained in the nilradical of R0 and ht(b0 + xR0) ≥ 1. Hence, for
a = xR0 + R+, H ib∩a(M) ∼= H iR+(M) and, for any homomorphic image L of H ib+a(M), AssR0(L) ⊆ V (b0 + xR0) is a finite set.
Now, in view of the Mayer–Vietoris sequence
H ib+a(M) −→ H ib(M)⊕ H ia(M) −→ H ib∩a(M),
we have
AssR0(H
i
b(M)) ⊆ AssR0(L) ∪ AssR0(H iR+(M)),
where L is a homomorphic image of H ib+a(M), and the result follows. 
The first part of the following corollary, is an improvement of [4, Corollary 3.10].
Corollary 2.4. (i) Let dim(R0) ≤ 1. Assume that R0 is either a finite integral extension of a domain or essentially of finite type
over a field. Then, for each i ∈ N0, AssR0(H ib(M)n) is asymptotically stable, when n→−∞.
(ii) Let R0 be local with dim(R0) ≤ 2. Assume that R0 is either a finite integral extension of a domain or essentially of finite
type over a field. Then, for each i ∈ N0, the set AssR(H ib(M)) is finite.
Proof. Using [4, Corollary 3.10], (i) follows from 2.3 and 2.2 and (ii) is a consequence of 2.3 and [4, Theorem 4.8]. 
In the rest of this section, as a generalization of [5, Corollary 2.6], we present some results about the Artinianess of certain
quotient modules and submodules of H ib(M).
Lemma 2.5. Let i ∈ N0 and let (R0,m0) be a local ring. Let a0 be an ideal of R0 such that √a0 + b0 = m0. Put M = MΓa0 (M) .
Then, H
i
b(M)
a0H ib(M)
is Artinian whenever H
i
b(M)
a0H ib(M)
is Artinian.
Proof. Assume that H
i
b(M)
a0H ib(M)
is an Artinian R-module. We can use the exact sequence
0 −→ Γa0(M) −→ M −→ M −→ 0
to obtain the exact sequence
H im0+R+(Γa0(M)) −→ H ib(M)
f−→ H ib(M) −→ H i+1m0+R+(Γa0(M)).
So, there are Artinian R-modules A and B and the following exact sequences
0 −→ A −→ H ib(M) −→ im(f ) −→ 0
0 −→ im(f ) −→ H ib(M) −→ B −→ 0.
These exact sequences, in turn, yield the exact sequences
A
a0A
−→ H
i
b(M)
a0H ib(M)
−→ im(f )
a0im(f )
−→ 0
and
TorR01
(
R0
a0
, B
)
−→ im(f )
a0im(f )
−→ H
i
b(M)
a0H ib(M)
.
Next, since B is Artinian and a0⊗R0 B is a homomorphic image of a direct sum of a finite number of copies of B, one can use
the exact sequence 0 −→ a0 −→ R0 −→ R0a0 −→ 0 to see that Tor
R0
1 (
R0
a0
, B) is an Artinian R-module. Now, we can use the
two last displayed exact sequences to obtain the result. 
Proposition 2.6. Make the assumptions of the statement of Lemma 2.5 and impose the further condition dim( R0
b0
) ≤ 1. Then
H ib(M)
a0H ib(M)
is an Artinian R-module for all i ∈ N0.
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Proof. Let i ∈ N0. The result is clear when dim( R0b0 ) = 0. So, let dim(
R0
b0
) = 1. Then, by using the previous lemma,
we can assume that there exists x ∈ a0 which is a non-zero divisor on M and avoids all minimal primes of b0; so that√
xR0 + b0 = m0. Now, we can use the exact sequence 0 −→ M .x−→ M −→ MxM −→ 0 to obtain an exact sequence
H ib(M)
.x−→ H ib(M) −→ A −→ 0,
in which A is a submodule of the Artinian R-module H ib(
M
xM )
∼= H im0+R+( MxM ). The above exact sequence induces the exact
sequence
H ib(M)
a0H ib(M)
.x−→ H
i
b(M)
a0H ib(M)
−→ A
a0A
−→ 0,
which, in turn, yields H
i
b(M)
a0H ib(M)
∼= Aa0A ; and hence the result follows. 
The following corollary is an immediate consequence of 2.1 and 2.6.
Corollary 2.7. Let (R0,m0) be a local ring and let dim( R0b0 ) ≤ 1. Let i ∈ N0 and let q0 be anm0-primary ideal. Then the R-modules
H ib(M)
q0H ib(M)
, (0 :H ib(M) q0), Γq0(H ib(M)) and H1q0(H ib(M)) are Artinian.
3. Special choice of the level i
In this sectionwe discuss the problemof asymptotic stability of the set of associated primes of local cohomologymodules.
In order to provide a precise explanation, we need to give some definitions.
Definitions and Remark 3.1. For a graded ideal a in R, we define the cohomological vanishing dimension of M with respect
to a, denoted υa(M), by
υa(M) = sup{i : ∀j < i,H ja(M)n = 0 ∀n 0}.
Note that if R+ ⊆ a, then, in view of 1.1 and [12, Proposiiton 2.3], one can see that υa(M) = f R+a (M), where f R+a (M), the
R+-finiteness dimension of M relative to a, is the least integer i such that R+ is not contained in the radical of the ideal
(0 :R H ia(M)).
Also, for a graded ideal a in R, we define the cohomological finite length dimension ga(M) of M with respect to a by
ga(M) := sup{i : ∀j < i, lR0(H ja(M)n) <∞∀n 0}.
Remark 3.2. It is clear that fa(M) ≤ υa(M) ≤ ga(M), where fa(M), the finiteness dimension of M with respect to a, is the
least integer i such that H ia(M) is not finitely generated. Note that if a = R+, then fa(M) = υa(M). However, the inequality
fa(M) ≤ υa(M)may be strict. For example, if R = R0 = Z[X,Y ,Z,U,V ,W ](UX+VY+WZ) and a = (X, Y , Z)R, then fa(R) < 3 and υa(R) = ∞.
In this section, first we will show that, for each i ≤ υb(M), the set AssR0(H ib(M)n) is asymptotically stable, when n→ −∞.
This enables us to extend the result for all i ≤ gb(M). Note that these results improve [6, Theorem 5.6] and [9, Theorem
4.10], respectively.
The following lemma, which can be compared with the main result of [8], is needed in the proof of Theorem 3.4.
Lemma 3.3. Let i ∈ N0 and n0 ∈ Z be such that, for all j < i, H jb(M)n is a finitely generated R0-module for all n ≤ n0. Then, for
all n ≤ n0 and any finitely generated submodule N of H ib(M)n, the set AssR0(H
i
b(M)n
N ) is finite.
Proof. We prove this by induction on i. The result is clear when i = 0. So, let i > 0 and assume that the result has been
proved for smaller values of i. PutM = M
Γb0 (M)
.We can use the exact sequencesH jR+(Γb0(M))n −→ H jb(M)n
f jn−→ H jb(M)n −→
H j+1R+ (Γb0(M))n to see that, for all j < i, H
j
b(M)n is a finitely generated R0-module for all n ≤ n0. Also, for all n ≤ n0 and any
finitely generated submodule N of H ib(M)n, the above exact sequence induces the exact sequence
0 −→ ker(f
i
n)+ N
N
−→ H
i
b(M)n
N
f in−→ H
i
b(M)n
f in(N)
,
where f in is the mapping induced by f
i
n. This exact sequence shows that if the set AssR0(
H ib(M)n
f in(N)
) is finite, then so is
AssR0(
H ib(M)n
N ). Therefore, by replacing M with M , we may assume that there exists x ∈ b0 which is a non-zerodivisor on
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M . Next, let N be a finitely generated submodule of H ib(M)n and let t ∈ N be such that xtN = 0. The application of local
cohomology with respect to b to the exact sequence 0 −→ M .xt−→ M −→ MxtM −→ 0 leads to an exact sequence of
R0-modules
H j−1b (M)n −→ H j−1b
(
M
xtM
)
n
hjn−→ H jb(M)n .x
t−→ H jb(M)n
for all n ∈ Z. It therefore follows that N ⊆ Im(hin) and that, in view of the hypothesis, H jb( MxtM )n is finitely generated for all
j < i− 1 and all n ≤ n0. Now, the above exact sequence yields the exact sequence
0 −→ H
i−1
b (
M
xtM )n
(hin)−1(N)
hin−→ H
i
b(M)n
N
.xt−→ H ib(M)n,
in which hin is the mapping induced by h
i
n. Put T :=
H i−1b ( MxtM )n
(hin)−1(N)
and note that (hin)
−1(N) is a finitely generated submodule
of H i−1b (
M
xtM )n. Since, by the inductive hypothesis, AssR0(T ) is a finite set, in order to complete the proof, it is enough to
show that AssR0(
H ib(M)n
N ) ⊆ AssR0(T )
⋃
AssR0(N). To this end, let p0 = (0 :R0 N + y) belongs to AssR0(H
i
b(M)n
N ) \ AssR0(T ),
where y ∈ H ib(M)n. Then p0 ⊆ (0 :R0 xty). To prove the other side, suppose to the contrary that there exists s ∈ (0 :R0 xty)
such that s 6∈ p0. Then sy ∈ Im(hin); and hence N + sy = N + hin(e) = hin((hin)−1(N) + e) for some e ∈ H i−1b ( MxtM )n. Now
p0 = (0 :R0 N+sy) = (0 :R0(hin)−1(N)+e), which conflictswith the assumption that p0 6∈ AssR0(T ). Therefore p0 = (0 :R0 xty).
Since y is b-torsion and x ∈ b0, we see that x ∈ p0. Therefore xty ∈ N . Hence p0 ∈ AssR0(N), as required. The result now
follows by induction. 
In [6, Theorem 5.6], it has been proved that AssR0(H
fR+ (M)
R+ (M)n) is asymptotically stable, when n→−∞. The next theorem
is an improvement of this result. Note that, in view of 3.1 and 3.2, fb(M) ≤ f R+b (M).
Theorem 3.4. Let (R0,m0) be local. Then, for all i ≤ f R+b (M), there exists a finite subset X of Spec(R0) such that
AssR0(H
i
b(M)n) = X for all n 0.
Proof. We prove this by induction on i. The result is clear when i = 0. So, let 0 < i ≤ f R+b (M) and assume that the result
has been proved for smaller values of i. We can use the graded exact sequence
H jb(ΓR+(M)) −→ H jb(M) −→ H jb
(
M
ΓR+(M)
)
−→ H j+1b (ΓR+(M))
to see that H jb(M)n ∼= H jb( MΓR+ (M) )n for all but finitely many elements n of Z. As in the proof of 1.6 we may assume that
R0
m0
is infinite. Hence, by replacing M with M
ΓR+ (M)
, we may assume that there exists a homogeneous element x ∈ R1
which is a non-zerodivisor on M . Now, the application of local cohomology with respect to b to the exact sequence
0 −→ M(−1) .x−→ M −→ MxM −→ 0 leads to an exact sequence of R0-modules
H jb(M)n −→ H jb
(
M
xM
)
n
−→ H j+1b (M)n−1 .x−→ H j+1b (M)n
which, in view of 3.1, shows that, for all j < i − 1, H jb( MxM )n = 0 for all n  0. Therefore, again by 3.1, i − 1 ≤ f R+b ( MxM ).
Hence, by inductive hypothesis, there exists a finite subset Y of Spec(R0) such that AssR0(H
i−1
b (
M
xM )n) = Y for all n  0.
Next, since i ≤ f R+b (M), we may use 3.1 to see that H i−1b (M)n = 0 for all n 0. Therefore, we have the exact sequence
0 −→ H i−1b
(
M
xM
)
n
−→ H ib(M)n−1 .x−→ H ib(M)n,
which, in turn, yields
Y ⊆ AssR0(H ib(M)n−1) ⊆ Y ∪ AssR0(H ib(M)n)
for all n 0. This shows that AssR0(H ib(M)n−1) ⊆ AssR0(H ib(M)n) for all n 0. Since, by 3.3, the set AssR0(H ib(M)n) is finite
for all n 0, this completes the inductive step. 
In [9], it was shown that for all i ≤ gR+(M) the set AssR0(H iR+(M)n) is asymptotically stable, when n→ −∞. In the rest
of this section we are going to extend this result. The following lemma, which shows that certain local cohomologymodules
are tame, is needed in the proof of the next theorem. We remind the reader that a graded R-module T =⊕n∈Z Tn is said to
be tame if either Tn = 0 for all n 0 or else Tn 6= 0 for all n 0.
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Lemma 3.5. Let (R0,m0) be local. Then Γm0R(H
j
b(M)) is tame for all j ≤ gb(M).
Proof. Let m = m0 + R+ and consider the Grothendieck’s spectral sequence
(Ep,q2 )n = Hpm0R(Hqb (M))n
p⇒ Hp+qm (M)n.
Using the definition of gb(M), it is easy to see that there exists n0 ∈ Z such that, for all n < n0, (Ep,q2 )n = 0 for all q < gb(M)
and all p ∈ N. Now, the convergence of the above spectral sequence implies that H0m0R(H jb(M))n ∼= H jm(M)n for all n < n0.
Therefore, in view of [10, Theorem 7.1.3] and [2, Remark 4.2], the result follows. 
Theorem 3.6. Let (R0,m0) be local. Then, for all j ≤ gb(M), the set AssR0(H jb(M)n) is asymptotically stable, as n→−∞.
Proof. Let j ≤ gb(M). It is clear that m0 ∈ AssR0(H jb(M)n) if and only if m0 ∈ AssR0(Γm0R(H jb(M))n). Hence, by 3.5, either
m0 ∈ AssR0(H jb(M)n) for all n  0 or else m0 6∈ AssR0(H jb(M)n) for all n  0. Therefore, in order to establish the desired
result, it is enough for us to show that the set AssR0(H
j
b(M)n) \ {m0} is asymptotically stable, as n→ −∞. This we do. We
first note that if j < gb(M), then, in view of the definition of gb(M), the result is clear. Thus we consider the case where
j = gb(M). To this end, let Rˆ0 denote the m0-adic completion of R0. It is easy, by using the graded flat base change property,
to see that gb(M) = gbRˆ0(M⊗R0 Rˆ0) and that, for all n ∈ Z, AssR0(H ib(M)n) = {pˆ0 ∩ R0|pˆ0 ∈ AssRˆ0(H ibRˆ0(M⊗R0 Rˆ0)n)}
for all i ∈ N0. So, we may replace R0 by Rˆ0 and assume that the base ring R0 is complete. Now, let n0 ∈ Z be such that
lR0(H
i
b(M)n) <∞ for all i < gb(M) and all n ≤ n0. Then, in view of 3.3, the set AssR0(H ib(M)n) is finite for all i ≤ gb(M) and
for all n ≤ n0; and hence, by the Countable Prime Avoidance Principle (cf. [15]), there exists an element x ∈ m0 which avoids⋃
n≤n0 AssR0(H
gb(M)
b (M)n) \ {m0}. It is easy to see that, for all i < gb(M), H ibRx(Mx)n = 0 for all n ≤ n0. It therefore follows
that υbx(Mx) ≥ gb(M); and hence, by 3.4 and 3.1, the set Ass(R0)x(Hgb(M)bRx (Mx)n) is asymptotically stable, when n → −∞.
Viewing Spec(Rx) as a subset of Spec(R), we see that Ass(R0)x(H
gb(M)
bRx (Mx)n) = AssR0(Hgb(M)b (M)n)\ {m0}; and hence the result
follows. 
Remark 3.7. (i) H ib(M) is an R+-torsion module for all i ∈ Z. So, we have AssR(H ib(M)) ⊆ V (R+) which yields the natural
bijection
AssR(H ib(M)) −→
⋃
n∈Z
AssR0(H
i
b(M)n); (p 7→ p ∩ R0).
(ii) By the above observation AssR(H iR+(M)) is finite if AssR0(H
i
R+(M)n) is asymptotically stable for n→ −∞. However,
this is no longer true when R+ is replaced by b. For example, let R = R0 = Z[X,Y ,Z,U,V ,W ](UX+VY+WZ) and b = (X, Y , Z)R. Then we have
H3b (R)n =
{
H3b (R) if n = 0,
0 otherwise.
Therefore, AssR0(H
3
b (R)n) is asymptotically stable. But, by [16, Section 4], AssR0(H
3
b (R)) is not a finite set.
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